We study the renormalization group for nearly marginal perturbations of a minimal conformal field theory M p with p ≫ 1. To leading order in perturbation theory, we find a unique one-parameter family of "hopping trajectories" that is characterized by a staircase-like renormalization group flow of the C-function and the anomalous dimensions and that is related to a recently solved factorizable scattering theory [1]. We argue that this system is described by interactions of the form tφ (1,3) −tφ (3, 1) . As a function of the relevant parameter t, it undergoes a phase transition with new critical exponents simultaneously governed by all fixed points M p , M p−1 , ..., M 3 . Integrable lattice models represent different phases of the same integrable system that are distinguished by the sign of the irrelevant parametert.
Introduction
The simplest scale-invariant field theories in two dimensions are the series of minimal models M p (p = 3, 4, . . .) [2] , which describe the universal (p − 1)-critical behavior of Landau-Ginzburg theories with a single bosonic field and polynomial interactions [3] . It is a difficult and widely open problem to reveal the embedding renormalization group (RG) scenario of these fixed points, which determines the universal behavior off criticality as well as crossover phenomena. An important aspect of this problem is that in two dimensions the theory has an infinite number of integrals of motion not only at the RG fixed points, where it is conformally invariant [2] , but on a larger submanifold of theory space. The precise extent of this manifold of integrability is unknown, but it does contain some perturbations of a critical point M p by a single scaling field [4] .
If such a perturbation is relevant, it will either induce a crossover to another critical point of lower criticality or lead to purely massive infrared behavior. In the latter case, the exact factorizable S-matrix can be conjectured [4] , which in principle determines all scaling functions associated to that RG trajectory. At least some properties of this scaling regime have indeed been predicted, such as universal finite-size effects [5, 6, 7, 8, 9, 10, 11, 12] and amplitude relations [13] . The only known example of an integrable crossover from the model M p to another critical point is generated by the perturbation
Hence the manifold C p of (p − 1)-criticality is nested into all manifolds of lower criticality, as one would exspect from a mean-field analysis of the Landau-Ginzburg picture: C p ⊂ C p−1 ⊂ . . . ⊂ C 3 . In contrast to mean-field arguments, however, crossovers changing the order of criticality by more than one are induced by finetuned linear combinations of all scaling fields that are even under spin reversal, and it is not clear if any of the interpolating field theories are integrable.
The manifold of integrability also contains the leading irrelevant scaling perturbation of the critical theories M p ,
at least to first order in perturbation theory [4, 9] . While generically a linear combination of two integrable perturbations does not generate an integrable field theory off criticality 2 , the perturbations (1.1) and (1.2) share infinitely many integrals of motion so that even an arbitrary linear combination
should still be integrable [9] . As will be argued below, this fact is connected to the existence of nontrivial integrable lattice models in two dimensions. The presence of nonzero irrelevant coupling constants in lattice models can drastically alter their crossover behavior: since the (p − 1)-critical lattice model is characterized by a point on C p different from the fixed point M p , the variation of a thermodynamic parameter causing the continuum theory M p to cross over to C p ′ (p ′ < p) need not be tangent to C p ′ at that point, which leaves the perturbed lattice model on a less
This paper studies such crossover phenomena by analyzing the renormalization group flow in the neighborhood of a minimal model M p for p ≫ 1, where a subset of the scaling fields (including φ p (1, 3) and φ p(3,1) ) become nearly marginal. A perturbation of M p can then be described by the Lagrangian
the running coupling constants U i p and their conjugate fields Φ pi are defined by an expansion in the parameter ε = 4/(p + 1) (which is the RG eigenvalue of φ p(1,3) ) [14, 15] . The ε-expansion can be trusted in a neighborhood U i p = O(ε) of M p , which contains infinitely many other fixed points M p ′ . This is an important difference to the usual ε-expansion about the upper critical dimension, where only two fixed points are at a distance of O(ε). But at least on the trajectory linking M p and M p−1 , this ε-expansion has been shown to be a consistent RG scheme in minimal subtraction to O(ε 2 ) [19] .
To leading order in perturbation theory, we find in particular a unique oneparameter family of hopping trajectoriesǓ i p (θ, θ 0 ) (where θ is the RG "time" varying along each trajectory and θ 0 labels the trajectories). They come close to each fixed point M p and are self-similar in the following sense:
We identify these trajectories with the one-parameter family of integrable trajectories that Al.B. Zamolodchikov recently found by solving the thermodynamic Bethe ansatz for a simple factorizable scattering theory containing a single type of massive particles [1] . The flow of the C-function C(θ, θ 0 ) along these trajectories is computed and seen to follow the characteristic staircase pattern that interpolates between the central charges c p . A similar pattern is found for the flow of the anomalous dimensions x (i) (θ, θ 0 ). We shall argue that the one-parameter family M(θ 0 ) of integrable field theories defined by these S-matrices is described by (i) the primary fields φ (m,n) with |m − n| ≤ 1 have dimension
(ii) the primary fields φ (n,n±2) and the (conveniently normalized [14] ) descendant
, respectively, and
Hence the couplings U (n,n±2) andŨ (n,n) become marginal in this limit, while all other couplings remain strictly relevant or irrelevant. To leading order in ε, the system of equations (2.1) can be truncated consistently to the nearly marginal cou-
(1,3)(1,3) ) then brings the RG equations into the form
). These equations determine in particular the renormalizable manifold R p of M p , i.e. the set of all trajectories
and the critical manifold C p of M p , i.e. the set of all trajectories
modulo the redundant couplings (see fig. 2 ).
describes the (p −p ′ −1)-parameter family of field theories whose ultraviolet asymptotics is determined by M p and whose infrared behavior is determined by M p ′ . The simplest such solution is the unique trajectory M p,p−1 [14] ,
where τ m is a free parameter. This trajectory interpolates between M p and the infrared fixed point u
Under a simultaneous RG time reversal and basis change involving a reflection about the diagonal of the Kac table, = −1 associated to M p+1 . Of particular importance in the sequel will be the self-conjugate trajectories, which satisfy
for some value of τ 1 .
In a small neighborhood of the trajectory M p,p−1 , the RG equations can be linearized in the other couplings v i ≡ u i ≪ 1 (i = (1, 3) ). The equation for u ≡ u (1, 3) then decouples and u(τ ) is given by Eq. (2.6); the equations for v i take the form
where γ i j (u) factorizes into (3×3)-matrices
acting on the triplets of couplings
with n = 3, 5, 7, . . ..
A basis of solutions of Eq. (2.9) is given by the trajectories with the definite RG time reversal symmetry
where u p (τ ) is given by Eq. (2.6). For each value of n, there is precisely one linearly independent even solution v For the asymptotic behavior of the trajectories as τ → −∞ (i.e. u p ≡ u → 0), there are three possibilities. For every value of n, there is one linearly independent solution of (2.9), (n)r p (u(τ ))) and one solution
defining a redundant trajectory. Any solution that is linearly independent from (2.13) and (2.14) describes a theory that is nonrenormalizable about M p . Conversely, there is one linearly independent solution v 3 Self-similar hopping trajectories
In this section, we study the RG flow of a self-conjugate perturbation of the fixed
corresponding to a point in theory space that is much closer to M p than any of the other fixed points M p ′ . We define the parameter
It is easy to verify that there is a unique one-parameter familyû fig. 3a ) span the twodimensional crossover manifold M p+1,p−1 .
Consider now the one-parameter familyǔ is self-similar (see fig. 3b ) after a scaled RG time τ 0 = εθ 0 ≃ log(1/s) for small s:
It comes close to each fixed point M p ′ in the time interval
and up to a minimum distance given by the parameter s p ′ = s(1 + O(ε)), whereafter it hops to the next lower fixed point. It is again easy to check that up to spurious couplings, this is the only self-similar trajectory for that value of s. Thus the 5 For a given value of s, one hasû 
and the self-conjugacy conditionŝ
Analogous recursion relations hold for the trajectoriesǔ for the theory M(θ 0 ) satisfies
and in particular for integer k
by Eq. (3.4). A step of this self-repeating staircase pattern for several values of τ 0 is shown in fig. 4 , which was obtained by numerical integration of Eq. (2.9).
6
The anomalous dimensions x (i) , i.e. the eigenvalues of the matrix
show a very similar pattern. For example, the spectral flow associated to the second subdiagonals of the Kac table satisfies
and in particular for integer k The following scaling argument indicates, however, that the Lagrangian
for the theories M(θ 0 ) is precisely (1.3) for any value of p. We define the dimensionless scaling variables
where ω i p andω i p are the crossover exponents
The theory M p,p−1 has s i p = 0 for i = (1, 3) ands i p−1 = 0 for i = (3, 1), while for any finite value of θ 0 , the theory M(θ 0 ) must have irrelevant couplings
since its ultraviolet behavior differs from M p , and relevant couplings
since its infrared behavior differs from M p−1 . There is an analytic mapping between the two sets of couplings (3.17) and (3.18), which is just a coordinate transformation on theory space [19] . The most relevant coupling s 
Zamolodchikov's solution [1] of the thermodynamic Bethe ansatz equations for the S-matrix (3.12) says that Eq. and the irrelevant field φ (3,1) under the renormalization group.
in terms of θ 0 and the dimensionless coupling constants
Here ξ p,p−1 and ξ p+1,p denote the crossover length scales of M p,p−1 and M p+1,p , respectively. Unlike the running couplings, g p andḡ p are measurable parameters related to universal amplitude relations [13] . By comparing the solution of the thermodynamic Bethe ansatz with conformal perturbation theory, they can be computed to arbitrarily high accuracy [6, 17] . To leading order in the ε-expansion, one obtains
4 Phase coexistence and critical behavior
The integrability of the theories given by the Lagrangian (1.3) should not depend on the sign of the two coupling constants t p andt p . However, the behavior of the RG trajectories and hence the long-distance structure crucially depends on these signs: the four one-parameter families of field theories
labeled by the scaling parameter s p and the signs of t p andt p , describe the system in different thermodynamic phases which we discuss below. The qualitative RG scenario and the resulting phase diagram in the (t p ,t p )-plane are shown in fig. 5 .
As a function of the relevant parameter t p , the system undergoes a second order phase transition whose exponents depend on the phase.
The theories M ++ p
For t p > 0 andt p > 0, the solutions of the RG equations are the self-similar hopping trajectoriesǔ i p . Following such a trajectory down to M 3 shows that also t 3 > 0; the system is in a disordered high-temperature phase. As t p → 0, these trajectories come arbitrarily close to all fixed points M p ′ . This implies that the leading thermodynamic singularities are governed by the fixed points M p ′ with p ′ ≤ p, while the other fixed points contribute corrections to scaling. Exact critical exponents for these theories will be reported in a forthcoming publication [24] . 7 Hence to this order, s p coincides with the parameter s defined in Eq. (3.2).
The theories M +− p
The trajectories for t p > 0 andt p < 0 are obtained by analytically continuing the p−1 generated by the integrable perturbation (1.1) of M p−1 with t p−1 < 0 which describes the system in a low-temperature region of p − 2 coexisting phases. It is likely that this one-parameter family of solutions shares the same infrared behavior.
Hence they are very different from the self-similar trajectories: they come close to only two fixed points M p and M p−1 and run away in both time limits, 
we obtain therefore
/y p , which is precisely Huse's result [21] . We conclude that the theories M ; they describe the system in the (p − 1)-phase coexistence region. At times −θ 0 (s) < ∼ θ < ∼ 0, they come close to the fixed point M p+1 , the trajectory M p+1,p , and the fixed point M p ; at large times, they run away,
The critical behavior as t p → 0 is governed by the fixed point M p , with corrections to scaling due to the irrelevant operator φ p(3,1) .
The theories M

−− p
For t p < 0 andt p < 0 (hence s > 0), one exspects solutions that are again self-
, and describe the system in the (p − 1)-phase coexistence region. They come close only to one fixed point M p , and run away at large times,ū 
Discussion
We have studied perturbations of a minimal conformal field theory M p by a linear combination of the scaling fields φ (1, 3) and φ (3, 1) . This generates four oneparameter families of massive integrable field theories M 
